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1. Introduction and the main results
Consider the existence of weak solutions for the following Dirichlet problem:−∆pu = f (x, u) in Ω,
u = 0 on ∂Ω, (1)
where Ω ⊂ RN (N ≥ 1) is a bounded domain with smooth boundary ∂Ω, p > 1 and ∆pu = div(|∇u|p−2∇u) is the
p-Laplacian. The nonlinearity f ∈ C(Ω¯ × R, R) satisfies the subcritical growth condition: there are c1 > 0 and q ∈ (p, p∗)
such that
|f (x, t)| ≤ c1(1+ |t|q−1), ∀(x, t) ∈ Ω¯ × R, (2)
where p∗ := Np/(N − p) is the critical Sobolev exponent of p if 1 < p < N , and p∗ = ∞ if p ≥ N . LetW 1,p0 (Ω) be the usual
Sobolev space equipped with the norm
∥u∥ =

Ω
|∇u|pdx
1/p
, u ∈ W 1,p0 (Ω).
By the Sobolev embedding theorem, for any 1 ≤ θ ≤ p∗, the embedding W 1,p0 (Ω) ↩→ Lθ (Ω) is continuous and there is a
positive constant C such that
∥u∥p ≤ C∥u∥, ∥u∥q ≤ C∥u∥, ∥u∥1 ≤ C∥u∥, ∥u∥ µ
µ+1−q ≤ C∥u∥ (3)
for all u ∈ W 1,p0 (Ω), where ∥ · ∥θ denotes the norm of Lθ (Ω). If 1 ≤ θ < p∗, the embeddingW 1,p0 (Ω) ↩→ Lθ (Ω) is compact.
In the following, C always denotes a positive constant related to the above four inequalities.
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Define the functional J : W 1,p0 (Ω)→ R:
J(u) = 1
p

Ω
|∇u|pdx−

Ω
F(x, u)dx, (4)
where F(x, t) =  t0 f (x, s)ds. Since f (x, t) satisfies the subcritical growth condition (2), by a standard argument, J ∈ C1(W 1,p0
(Ω), R) and from the variational point of view, it is well known that finding the weak solutions of problem (1) corresponds
to looking for the critical points of the functional J inW 1,p0 (Ω).
We recall the eigenvalues of the following nonlinear eigenvalue problem:−∆pu = λ|u|p−2u inΩ,
u = 0 on ∂Ω. (5)
Define the manifold
S =

u ∈ W 1,p0 (Ω) :

Ω
|∇u|pdx = 1

;
then S is a smooth, symmetric nonempty submanifold inW 1,p0 (Ω). Denote byA the class of compact symmetric subsets of
S, and let
Σk = {A ∈ A : i(A) ≥ k},
where i is the cohomological index of Fadell and Rabinowitz (the details can be seen in [1] or [2]); a sequence of eigenvalues
of problem (5) can be variationally characterized as follows (the details can be seen in [2]):
λk = inf
A∈Σk
sup
u∈A
1
Ω
|u|pdx .
It is not knownwhether the sequence {λk}k∈N contains all the eigenvalues of problem (5), but we will refer to {λk}k∈N as the
variational eigenvalues of problem (5).
The goal of this paper is to obtain the existences of weak solutions for problem (1) by using the variational method. We
first state some relevant conditions on the nonlinearity F :
lim|t|→∞(f (x, t)t − pF(x, t)) = +∞ uniformly for x ∈ Ω, (6)
lim|t|→∞(f (x, t)t − pF(x, t)) = −∞ uniformly for x ∈ Ω, (7)
λk−1 < lim inf|t|→∞
pF(x, t)
|t|p ≤ lim sup|t|→∞
pF(x, t)
|t|p ≤ λk uniformly for x ∈ Ω, (8)
λk−1 ≤ lim inf|t|→∞
pF(x, t)
|t|p ≤ lim sup|t|→∞
pF(x, t)
|t|p < λk uniformly for x ∈ Ω. (9)
Now we are ready to introduce the main results.
Theorem 1. Assume that λk−1 < λk (k ≥ 2) are two consecutive eigenvalues of (5) and (2). If the nonlinearity F satisfies (6)
and (8) (or (7) and (9)), problem (1) has at least a weak solution.
Theorem 2. Assume that λk−1 < λk (k ≥ 2) are two consecutive eigenvalues of (5) and the nonlinearity F satisfies (2) and the
crossing conditions
F(x, t) ≥ 1
p
λk−1|t|p, ∀(x, t) ∈ Ω¯ × R, (10)
lim sup
|t|→0
pF(x, t)
|t|p ≤ α < λk < β ≤ lim inf|t|→∞
pF(x, t)
|t|p uniformly for x ∈ Ω, (11)
where α, β are two constants. If one of the following nonquadraticity conditions holds:
lim inf|t|→∞
f (x, t)t − pF(x, t)
|t|µ ≥ a > 0 uniformly for x ∈ Ω, or (12)
lim sup
|t|→∞
f (x, t)t − pF(x, t)
|t|µ ≤ −a < 0 uniformly for x ∈ Ω, (13)
where a is a positive constant and µ > (q − 1)max{ 1p−1 , p
∗
p∗−1 } if 1 < p < N or µ > (q − 1)max{1, 1p−1 } if p ≥ N, then
problem (1) has at least a nontrivial weak solution in W 1,p0 (Ω).
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Remark. In recent years, many people have devoted time to studying the existence and multiplicity of nontrivial solutions
for problem (1) by using directly variationalmethods or themini-maxmethods. For the linear case (p = 2), there have been a
great many results on the existence andmultiplicity of nontrivial solutions for problem (1) obtained by using the variational
method (see [3–5] and the references therein). For the case 1 < p ≠ 2, in the absence of any direct decomposition of
W 1,p0 (Ω) related to the eigenvalues of −∆p, the variational method used in the linear case (p = 2) cannot be extended to
the nonlinear case (1 < p ≠ 2), and the situation becomes far more complicated, but many people are devoting time to
considering the existence and multiplicity of nontrivial solutions for problem (1) (see [6–15,2] and references therein).
Eqs. (6), (7), (12) and (13) correspond to the nonquadraticity conditions with p = 2, (8) and (9) are the asymptotic
noncrossing conditions, and (10) and (11) are the crossing conditions. They were introduced by Costa andMagalhaes in [16]
and were widely used by many people to consider the existence and multiplicity of solutions for elliptic equations and
elliptic systems (see [6,9,10,13] and references therein).
In [9], El Amrouss and Moussaoui obtained the existence of a weak solution for problem (1) by using an abstract critical
point theory under (7) and (9) with k = 2, that is, the following condition holds:
λ1 ≤ lim inf|t|→∞
pF(x, t)
|t|p ≤ lim sup|t|→∞
pF(x, t)
|t|p < λ2 uniformly in x ∈ Ω.
Let {νk} be the another sequence of eigenvalues of problem (5) defined by the cogenus index γ+(A), where A ∈ A:
γ+(A) = sup{m ∈ N : there is a continuous odd surjection ψ : Rm \ {0} → A}.
In [13], assuming that (6) and the following condition hold:
νk−1 < lim inf|t|→∞
pF(x, t)
|t|p ≤ lim sup|t|→∞
pF(x, t)
|t|p ≤ νk uniformly for x ∈ Ω,
Ou and Li proved the existence of a weak solution for problem (1) by using the G-linking theorem, but they cannot prove a
similar result in the other case. Hence, Theorem 1 is complementary to the relevant results of [9,13].
Costa andMagalhaes in [6] obtained the existence of a nontrivial solution for problem (1) under the following condition:
lim sup
|t|→0
pF(x, t)
|t|p ≤ α < λ1 < β ≤ lim inf|t|→∞
pF(x, t)
|t|p uniformly for x ∈ Ω,
which implies that F crosses the first eigenvalue λ1 of problem (5). Hence, Theorem 2 is a generalization of Theorem 1.1
in [9].
2. Preliminaries and proofs of theorems
In this section, wewill introduce two abstract critical point theorems, which are based on the deformation lemma and on
a linking structure. The deformation lemma may be ensured by adding a compactness condition: the (PS) condition or the
(Ce) condition. LetW be a real Banach space; the functional I satisfies the (PS)c condition at the level c ∈ R if any sequence
{un} ⊂ W such that I(un) → c, I ′(un) → 0 as n → ∞, has a convergent subsequence. The functional I satisfies the (PS)
condition if I satisfies the (PS)c condition at any c ∈ R. The functional I satisfies the (Ce)c condition at the level c ∈ R if
any sequence {un} ⊂ W such that I(un) → c, (1 + ∥un∥)∥I ′(un)∥W∗ → 0 as n → ∞ has a convergent subsequence. The
functional I satisfies the (Ce) condition if I satisfies the (Ce)c condition at any c ∈ R. The (Ce) condition was introduced by
Cerami [3], and it is a weaker version of the (PS) condition. Next, we will introduce the notions of the homotopical linking
and relative homotopical linking.
Definition 1 (See [15]). Let A be a closed proper subset of a topological space X andW be a Banach space, g ∈ C(A,W ) such
that g(A) is closed and bounded, B a nonempty closed subset ofW such that dist(g(A), B) > 0, and
Γ = {γ ∈ C(X,W ) : γ (X) is closed, γ |A = g}.
We say that (A, g) homotopically links Bwith respect to X if
γ (X) ∩ B ≠ Ø, ∀γ ∈ Γ .
When A ⊂ W and g : A → W is the inclusion and X = IA = {tx : x ∈ A, t ∈ [0, 1]}, we will simply say that A homotopically
links B.
Here, we will introduce an example of a homotopical linking set. Let M be a bounded symmetric subset radially
homeomorphic to the unit sphere S, i.e., the restriction of the radial projection πS to M is a homeomorphism. Then the
radial projection fromW \ {0} toM is given by
πM = (πS |M)−1 ◦ πS .
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Let A0 ≠ Ø and B0 be disjoint closed symmetric subsets ofM such that
i(A0) = i(M \ B0) <∞,
where i is the cohomological index; we have the following property.
Proposition 1 (See [15]). A = RA0 homotopically links B = π−1M (B0) ∪ {0} for any R > 0.
Definition 2 (Relative Homotopical Linking; See [4]). LetW be a metric space and A, B, P, S be four subsets ofW with S ⊂ P
and B ⊂ A. We say that (P, S) links (A, B) if S ∩ A = B ∩ P = Ø and for every deformation η : P × [0, 1] → W \ B with
η(S × [0, 1]) ∩ A = Ø, we have η(P × {1}) ∩ A ≠ Ø.
Definition 3 (Relative Cohomological Linking; See [8]). LetW be ametric space and A, B, P, S be four subsets ofW with S ⊂ P
and B ⊂ A; letm be a nonnegative integer andK be a field. We say that (P, S) links (A, B) cohomologically in dimensionm
overK if S ∩ A = B ∩ P = Ø and the restriction homomorphism Hm(W \ B,W \ A,K) → Hm(P, S,K) is not identically
zero, where H∗ denotes the Alexander–Spanier cohomology (see [17]).
From [8], if (P, S) links (A, B) cohomologically, then (P, S) links (A, B).
Definition 4. LetW be a real Banach space. A subset E ofW is said to be symmetric if−u ∈ E for any u ∈ E. A subset E of
W is said to be a star set if tu ∈ E for any u ∈ E and t > 0.
Proposition 2 (See [8]). Let W be a real normed space and C−, C+ be two star sets in W such that C+ is closed in W , C− ∩ C+ =
{0} and such that (W , C− \ {0}) links C+ cohomologically in dimension m over Z2. Let r−, r+ > 0 and e ∈ W with −e ∉ C−;
define
D− = {u ∈ C− : ∥u∥ ≤ r−}, S+ = {u ∈ C+ : ∥u∥ = r+},
Q = {u+ te : u ∈ C−, t ≥ 0, ∥u+ te∥ ≤ r−},
H = {u+ te : u ∈ C−, t > 0, ∥u+ te∥ = r−}.
If r− > r+ > 0, (Q ,D−∪H) links S+ cohomologically in dimension m+1 over Z2. In fact, D−∪H is the relative boundary of Q .
Finally, wewill recall two abstract critical point theorems, and then prove Theorem 1 by using TheoremA and Theorem 2
by using Theorem B.
Theorem A (See [15]). Let A be a closed subset of a topological space X and W be a Banach space, g ∈ C(A,W ) such that (A, g)
homotopically links B with respect to X, and f ∈ C1(W , R). If
c = inf
γ∈Γ supu∈γ (X)
f (u)
is finite, where Γ = {γ ∈ C(X,W ) : γ (X) is closed, γ |A = g}, sup f (g(A)) ≤ inf f (B) and f satisfies the (Ce)c condition, then
c ≥ inf f (B) and is a critical value of f . If c = inf f (B), then J has a critical point with critical value c on B.
Theorem B (See [4]). Let W be a Banach space and f ∈ C1(W , R). Let A, B, P, S be four subsets of W with S ⊂ P and B ⊂ A
such that (P, S) links (A, B) and
sup
S
f ≤ inf
A
f , sup
P
f ≤ inf
B
f
(we agree that sup ø = −∞, inf ø = +∞). Define
c = inf
η∈N sup f (η(P × {1})),
whereN is the set of deformations η : P × [0, 1] → W \ B with η(S × [0, 1]) ∩ A = ø. Then we have
inf
A
f ≤ c ≤ sup
P
f .
Moreover, if f satisfies the (PS)c condition, c is a critical value of f .
Proof of Theorem 1. Here, we assume that (7) and (9) hold, since the proof is similar to that under conditions (6) and (8).
We will divide the proof into two steps.
Step 1. We will prove that the functional J satisfies the (Ce) condition. Let {un} be a (Ce) sequence for the functional J ,
that is,
J(un)→ c ∈ R and (14)
∥J ′(un)∥(1+ ∥un∥)→ 0 as n →∞. (15)
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We first claim that {un} is bounded in W 1,p0 (Ω), and then prove that {un} has a convergent subsequence. Suppose, by
contradiction, that ∥un∥ → ∞ as n →∞. From (14) and (15), there exists a positive constantM0 such that
M0 ≤ lim sup
n→∞
(pJ(un)− ⟨J ′(un), un⟩)
= lim sup
n→∞

Ω
f (x, un)un − pF(x, un)dx. (16)
From the right of (9), for fixed ε0 > 0, there exists R0 > 0 such that
|F(x, t)| ≤ λk + ε0
p
|t|p, ∀x ∈ Ω, |t| ≥ R0,
and hence, from the continuity of F , there existsM1 = M1(ε0) > 0 such that
|F(x, t)| ≤ λk + ε0
p
|t|p +M1, ∀(x, t) ∈ Ω × R.
From (4), (14) and the above inequality, for n large enough, we have
∥un∥p = pJ(un)+ p

Ω
F(x, un)dx
≤ p(c + 1)+ (λk + ε0)

Ω
|un|pdx+ pM1|Ω|
≤ M2 + (λk + ε0)∥un∥pp, (17)
whereM2 = p(c + 1+M1|Ω|) and |Ω| denotes the Lebesgue measure ofΩ . Let u˜n = un/∥un∥p; then there is u˜ ∈ W 1,p0 (Ω)
such that u˜n ⇀ u˜weakly inW
1,p
0 (Ω) and u˜n → u˜ strongly in Lp(Ω). Dividing (17) by ∥un∥p and letting n →∞, we have
1 ≤ (λk + ε0)∥u˜∥pp,
which implies that there exists Ω ⊂ Ω with positive measure such that u˜(x) ≠ 0 for x ∈ Ω . Consequently, from the
definition of u˜n, it follows that |un(x)| → ∞ as n →∞ for x ∈ Ω . From (7), there is a positive constantM3 such that
f (x, t)t − pF(x, t) < M3, for all (x, t) ∈ Ω × R.
By Fatou’s lemma, (7) and the above inequality, we obtain
lim sup
n→∞

Ω
(f (x, un)un − pF(x, un))dx ≤

Ω lim supn→∞ (f (x, un)un − pF(x, un)) dx+M3|Ω \ Ω˜|
→ −∞,
which contradicts (16). Hence, {un} is bounded inW 1,p0 (Ω), that is, there isM4 > 0 such that
∥un∥ ≤ M4, for all n ∈ N. (18)
Thus, there is a subsequence of {un}, without any loss of generality still denoted by {un}, and u ∈ W 1,p0 (Ω) such that un ⇀ u
weakly inW 1,p0 (Ω) and un → u strongly in Lq(Ω). Consequently, from (15) and (18), one has
lim
n→∞⟨J
′(un), un − u⟩ = 0. (19)
From (2), Hölder’s inequality, and (4) and (18), it follows that
Ω
f (x, un)(un − u)dx
 ≤ c1 
Ω
(1+ |un|q−1)|un − u|dx
≤ c1

|Ω| q−1q + ∥un∥q−1q

∥un − u∥q
≤ c1

|Ω| q−1q + C∥un∥q−1

∥un − u∥q
→ 0
as n →∞. Combining the above inequality and (19), we get
Ω
(|∇un|p−2∇un,∇(un − u))dx → 0 as n →∞.
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Similarly, we also obtain
lim
n→∞

Ω
(|∇u|p−2∇u,∇(un − u))dx = 0,
and hence,
lim
n→∞

Ω
((|∇un|p−2∇un − |∇u|p−2∇u),∇(un − u))dx = 0.
From Clarkson’s inequality, that is, there being a Cp > 0 such that for all µ, ν ∈ RN ,
|µ− ν|p ≤

Cp(|µ|p−2µ− |ν|p−2ν)(µ− ν), p ≥ 2,
Cp((|µ|p−2µ− |ν|p−2ν)(µ− ν)) p2 (|µ| + |ν|) (2−p)p2 , 1 < p < 2,
it follows that
lim
n→∞

Ω
|∇un −∇u|pdx = 0,
that is, un → u strongly inW 1,p0 (Ω).
Step 2. We will verify that the functional J satisfies the homotopical linking given by Proposition 1.
First of all, we define the two subsets of S as follows:
A0 =

u ∈ S :

Ω
|∇u|pdx ≤ λk−1

Ω
|u|pdx

,
B0 =

u ∈ S :

Ω
|∇u|pdx ≥ λk

Ω
|u|pdx

.
From [15], we have
i(A0) = i(S \ B0) <∞.
From the left of (9) and the continuity of F , for any ε > 0, there is a positive constantM5 = M5(ε) such that
F(x, t) ≤ λk − ε
p
|t|p +M5 for all (x, t) ∈ Ω × R.
For any u ∈ B0, we have
J(u) ≥ 1
p
(∥u∥p − (λk − ε)∥u∥pp)−M5|Ω|
≥ ε
pλk
∥u∥p −M5|Ω|. (20)
On the other hand, defining
G(x, s) = F(x, s)− 1
p
λk−1|s|p,
we obtain
G′(x, s)s− pG(x, s) = f (x, s)s− pF(x, s).
From (7), for anyM > 0, there is an L > 0 such that
G′(x, s)s− pG(x, s) ≤ −M
for any x ∈ Ω and |s| > L. Hence, for s > 0, from the above inequality, we have
d
ds

G(x, s)
sp

= G
′(x, s)s− pG(x, s)
sp+1
≤ − M
sp+1
.
Integrating the above expression over the interval [t, T ] ⊂ [L,∞), one has
G(x, t)
tp
≥ G(x, T )
T p
− M
p

1
T p
− 1
tp

.
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Since lim supT→+∞
G(x,T )
Tp ≥ 0, letting T →+∞, we obtain G(x, t) ≥ M/p for t ≥ L and x ∈ Ω . Similarly, G(x, t) ≥ M/p for
t ≤ −L and x ∈ Ω . Hence, we have
lim|t|→∞G(x, t) = +∞ uniformly for x ∈ Ω.
Therefore, letting R > 0, for any u ∈ A0, from the definition of A0 and the above expression, one has
J(Ru) = R
p
p
∥u∥p −

Ω
F(x, Ru)dx
= R
p
p
(∥u∥p − λk−1∥u∥pp)−

Ω
G(x, Ru)dx
≤ −

Ω
G(x, Ru)dx
→ −∞,
as R →+∞, which combined with (20) implies that for fixed ε > 0, there exists R0 > 0 such that
max
u∈A0,R≥R0
J(Ru) < inf
u∈B0
J(u).
Therefore, Theorem 1 is proved by Theorem A and Proposition 1, where A = {R0u : u ∈ A0} and B = B0. 
Proof of Theorem 2. We will divide the proof into two steps.
Step 1. We will prove that the functional J satisfies the (PS) condition. Here we assume that condition (12) holds, and
similarly for (13). Let {un} be a (PS) sequence of the functional J , that is,
J(un)→ c ∈ R and J ′(un)→ 0 as n →∞. (21)
From Step 1 of proof of Theorem 1, we only prove that {un} is bounded in W 1,p0 (Ω). From (12), there is a positive constant
M6 such that
f (x, t)t − pF(x, t) ≥ a|t|µ −M6, ∀(x, t) ∈ Ω × R,
and hence, we have
pJ(un)− ⟨J ′(un), un⟩ =

Ω
(f (x, un)un − pF(x, un))dx
≥ a

Ω
|un|µdx−M6|Ω|.
Combining (21) and the above inequality implies that
Ω
|un|µdx
∥un∥ → 0 as n →∞. (22)
From the Hölder inequality and (2) and (3), we have
⟨J ′(un), un⟩ = ∥un∥p −

Ω
f (x, un)undx
≥ ∥un∥p −

Ω
|f (x, un)| · |un|dx
≥ ∥un∥p − c1

Ω
(|un|q−1 · |un| + |un|)dx
≥ ∥un∥p − c1

Ω
|un|(q−1)·
µ
q−1 dx
 q−1
µ
·

Ω
|un|
µ
µ+1−q dx
 µ+1−q
µ
− ∥un∥1
≥ ∥un∥p − c1C∥un∥q−1µ · ∥un∥ − c1C∥un∥
for all n. Noting that µ > (q− 1)max{ 1p−1 , p
∗
p∗−1 } if 1 < p < N or µ > (q− 1)max{1, 1p−1 } if p ≥ N , by (22) and the above
inequality, we have that {un} is bounded inW 1,p0 (Ω).
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Step 2. We will verify that the functional J satisfies relative cohomological linking in Proposition 2.
First of all, for λk−1 < λk, let
C− =

u ∈ W 1,p0 (Ω) :

Ω
|∇u|pdx ≤ λk−1

Ω
|u|pdx

,
C+ =

u ∈ W 1,p0 (Ω) :

Ω
|∇u|pdx ≥ λk

Ω
|u|pdx

,
where C−, C+ are the symmetric closed subsets inW 1,p0 (Ω) and C− ∩ C+ = {0}. From Theorems 2.7 and 3.2 of [8], it follows
that (W 1,p0 (Ω), C− \ {0}) links C+ cohomologically in dimension i(C− \ {0}) = k − 1 over Z2. Let e be an eigenfunction
corresponding to λk.
From (4) and (10), we have
J(u) ≤ 1
p
(∥u∥p − λk−1∥u∥pp) ≤ 0, ∀ u ∈ C−. (23)
From the right of (11), fixing a constant βˆ such that λk < βˆ < β , there is a positive constantM7 such that
F(x, t) ≥ βˆ
p
|t|p −M7, ∀(x, t) ∈ Ω × R.
Hence, from (4) and the above inequality, for all u ∈ {u+ te : u ∈ C−, t > 0}, we have
J(u) ≤ 1
p
(∥u∥p − βˆ∥u∥pp)+M7|Ω|.
Hence, there is r− > 0 such that
J(u) ≤ 0, (24)
for all u ∈ H = {u+ te : u ∈ C−, t > 0, ∥u+ te∥ = r−}. Combining (23) with (24) yields that
J(u) ≤ 0,
for any u ∈ H ∪ {u ∈ C− : ∥u∥ ≤ r−}.
On the other hand, from the left of (11), fixing a constant αˆ such that α < αˆ < λk, there is δ > 0 such that
F(x, t) ≤ αˆ
p
|t|p, ∀x ∈ Ω, |t| ≤ δ.
Combining (2) and the above inequality, there is a positive constantM8 such that
F(x, t) ≤ αˆ
p
|t|p +M8|t|q, ∀(x, t) ∈ Ω × R. (25)
Hence, from (4) and (25), for all u ∈ C+, we have
J(u) ≥ 1
p
(∥u∥p − αˆ∥u∥pp)−M8∥u∥qq
≥ λk − αˆ
pλk
∥u∥p − CM8∥u∥q.
From λk > αˆ and q > p, there are two positive constantsϖ and r− > r+ > 0 such that
J(u) ≥ ϖ, ∀u ∈ C+, ∥u∥ = r+.
Finally, from Theorem B and Proposition 2, Theorem 2 is proved. 
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